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• Energy density functionals (EDF)

Different possible approaches:

• Empirical shell-model

• Collective models

• Ab initio
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Ab initio nuclear theory
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Hamiltonian operator: driving the equations of motion

Total wave function
Total energy of the system

    runs over excited states of the system (             begin the ground-state)
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Dynamical equation    →    non-relativistic many-body Schrödinger equation (low-energy physics)

Goal: accurately describe atomic nuclei through systematically improvable methods
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Low-energy limit of QCD

Nucleons and pions as effective d.o.f.

Systematic expansion of     : NLO, N2LO, N3LO, …
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[H,R(✓)] = 0Set of symmetries: 

For few-body systems   →   exact solution

Advantage: focus studies on
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For many-body systems   →   approximate solution

Advantage: push calculations to 

Drawback: not applicable to every 
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Ab initio nuclear theory

Dynamical equation    →    non-relativistic many-body Schrödinger equation (low-energy physics)
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Drawback: techniques limited to low masses 
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Many-body ab initio methods

Correlation-expansion methods

Hamiltonian partitioning:
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H = H0 +H1

‘easy’-to-handle ‘hard’-to-handle

Based on a mean-field approximation

Nucleons move independently in an average potential
(Hartree-Fock theory)

Brings correlations on top of reference state
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Delivers a reference state
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Wave-operator expansion   →   truncation

Beyond mean-field
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Example of application: ground-state total energy

34Ca

40Ca

48Ca
60Ca

nuclei accessible with spherical methods
Calcium isotopic chain:
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Mean-field

Beyond mean-field

HF brings significant underbinding

Perturbative expansion (Taylor-like)

Non-perturbative expansion

→ Coupled-cluster (CC)

→ Self-consistent Green’s function (SCGF)

→ In-medium similarity renorm. group (IMSRG)

→ Perturbation theory (MBPT)

Resummation of different correlations

Differences in computational cost

Possible computation of different quantities

Different methods are characterized by:
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Mean-field

Beyond mean-field

HF brings significant underbinding

Perturbative expansion (Taylor-like)

Non-perturbative expansion

→ Coupled-cluster (CC)

→ Self-consistent Green’s function (SCGF)

→ In-medium similarity renorm. group (IMSRG)

→ Perturbation theory (MBPT)

several points missing   →   odd nuclei

nuclei accessible with spherical methods
Calcium isotopic chain:

?
?

?
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Example of application: ground-state total energy



several points missing   →   open-shell systems

nuclei accessible with spherical methods
Calcium isotopic chain:

?
?

?

Mean-field

Beyond mean-field

HF brings significant underbinding

Perturbative expansion (Taylor-like)

Non-perturbative expansion

→ Coupled-cluster (CC)

→ Self-consistent Green’s function (SCGF)

→ In-medium similarity renorm. group (IMSRG)

→ Perturbation theory (MBPT)
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Why choosing Green’s function-based methods

• Easy access to odd-nuclei

Advantages

• Access to excited states

• Allow for computing optical potentials and one-nucleon scattering properties

Drawbacks

• Non-trivial formalism

• Increased computational cost compared to other many-body ab initio methods
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One single calculation delivers a wealth of information on ground-state and excited states

Increased computational cost compared to other many-body ab initio methods
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A-body wave function

A-body Schrödinger equation

Chapter 1
Basics of Green’s function theory
1.1 Many-body Schrödinger equation
In the ab initio approach, nuclear systems are described as a collection of A non-relativistic
interacting nucleons. The properties of such systems are determined by solving the A-
body Schrödinger eigenvalue equation

H|ΨA
k 〉 = EA

k |ΨA
k 〉 (1.1)

and/or its time-dependent counterpart, depending on whether one is interested in just the
(static) properties of a given system or also in its possible reactions with (or transitions
to) other systems. In the present document the focus will be on the time-independent
problem, i.e., on the determination of A-body energies EA

k and A-body eigenstates |ΨA
k 〉

that result from Eq. (1.1), together with all observables of interest that can be computed
from them. The A-body Hamiltonian entering Eq. (1.1) is generally written in the second-
quantised form

H =
∑

α

tαβ a†
αaβ + 1

4
∑

αγ
βδ

vαγβδ a†
αa†

γaδaβ + 1
36
∑

αγε
βδη

wαγεβδη a†
αa†

γa†
εaηaδaβ + . . .

≡ T + V + W + . . . , (1.2)

where tαβ represent the matrix elements of the kinetic energy operator1, while vαγβδ and
wαγεβδη denote matrix elements of generic2 two- and three-body operators respectively.
Greek indices α,β, γ, . . . label a basis in the one-body Hilbert space H1, whereas a†

α and
aα denote the associated creation and annihilation operators. In practice, interactions
between 4 or more nucleons have been shown to contribute only marginally to nuclear
observables and are discarded in the large majority of nuclear structure calculations3. For
the remainder of this chapter the Hamiltonian (1.2) is thus truncated at the three-body
level.

1Since nuclei are self-bound objects, one is in fact interested in the translationally invariant, internal
Hamiltonian Hrel ≡ H − Hcm, where Hcm denotes the centre-of-mass kinetic energy. In practice one
thus replaces T with the relative kinetic energy Trel ≡ T − Hcm, which is rewritten as a sum of a
one- and a two-body operators. The most appropriate way of expressing the latter two-body operator
in the case of particle-number breaking theories (as the one presented in Chapter 2) is discussed in
Ref. [87].

2The formalism presented in Chapters 1 and 2 is independent of the choice of many-body operators,
i.e. is Hamiltonian-agnostic. In Chapter 4, the specific models of nuclear interactions used in actual
calculations will be specified (see Sect. 3.2).

3On a fundamental level, four-body interactions are estimated to be sub-leading in the current formu-
lations of the χ-EFT power counting [13]. In addition, exploratory calculations with the explicit
inclusion of the leading four-body operators have demonstrated that they yield negligibly small con-
tributions [46].
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Chapter 1 Basics of Green’s function theory

1.2 Propagators
The idea at the heart of Green’s function approach is that the A-body Schrödinger equa-
tion (1.1) can be rewritten in terms of one-, two-, ..., A-body objects named propagators or
Green’s functions4 (GFs). Such objects are defined as follows. Starting from the ground-
state of the interacting system, |ΨA

0 〉, the so-called ‘2-point’, or ‘1-body’, Green’s function
is introduced as5

i gαβ(tα, tβ) = i g2−pt
αβ (tα, tβ) ≡ 〈ΨA

0 |T [aα(tα)a†
β(tβ)]|ΨA

0 〉 , (1.3a)

where T denotes the time-ordering operator and aα(tα) and a†
α(tα) represent respectively

annihilation and creation operators in Heisenberg picture. Similarly, higher-body GFs
can be introduced, e.g.,

i g4−pt
αγβδ(tα, tγ, tβ, tδ) ≡ 〈ΨA

0 |T [aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)]|ΨA
0 〉 , (1.3b)

i g6−pt
αγεβδη(tα, tγ, tε, tβ, tδ, tη) ≡ 〈ΨA

0 |T [aε(tε)aγ(tγ)aα(tα)a†
β(tβ)a†

δ(tδ)a†
η(tη)]|ΨA

0 〉 , (1.3c)

and so on. It is often convenient to consider propagators in the energy representation,
which is obtained via Fourier transform from the time representation introduced above.
For time-translationally invariant systems (i.e., the ones considered here), m-point GFs
depend only on m − 1 time differences or, equivalently, m − 1 independent frequencies.
Hence, Fourier transforms to the energy representation are well-defined only when the
total energy is conserved and read as

2πδ(ωα + ωγ + . . . − ωβ − ωδ − . . .) × gm−pt
αγ...,βδ...(ωα,ωγ, . . . ,ωβ,ωδ, . . .)

=
∫

dtα

∫
dtγ . . .

∫
dtβ

∫
dtδ . . . ei(ωαtα+ωγtγ+...) e−i(ωβtβ+ωδtδ+...)

× gm−pt
αγ...,βδ...(tα, tγ, . . . , tβ, tδ, . . .) . (1.4)

For the 1-body GF this simplifies to

g2−pt
αβ (ω,ω) ≡ gαβ(ω) =

∫
dταβ eiωταβ gαβ(ταβ) . (1.5)

where ταβ ≡ (tα − tβ).
Moving from a wave-function to a propagator representation has benefits and draw-

backs. One of the main advantages is that, instead of the full A-body wave function,
one manipulates simpler (in practice, one- and two-body) objects from which most of
the observables of interest can be (exactly) computed. In this sense, GFs can be seen
as generalised (fully correlated) density matrices (see Sect. 1.4). Another useful property
relates to the physical interpretation of the one-body GF, which can be thought of as
describing the propagation of a particle or a hole in the correlated many-body system (as
evinced from its definition in Eq. (1.3a)). As a result, g contains information about the
systems with A ± 1 particles. This is explicitly exploited to derive the Lehmann represen-
tation of the propagator, which gives access to the spectra of the A±1-body systems (see
Sect. 1.5). The main drawback is that, because the one-body GF already contains a lot of
information on the system’s properties, its computation is typically more expensive6 than

4In the present document the synonymous terms propagator and Green’s function are used indifferently.
The term correlation function can also be found in the literature to indicate the same object.

5Throughout the document natural units c = ! = 1 are used.
6At the same level of approximation of the theory.
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(142)1.4 Ground-state observables

equation for the one-body GF

gαβ(ω) = g0 αβ(ω) +
∑

γδ

g0 αγ(ω) Σ%
γδ(ω) gδβ(ω) , (1.14)

the well-known Dyson equation.

Perturbative expansion
The Dyson equation can be alternatively derived as an expansion of the exact GF in terms
of the g0 and H1. This is formally achieved in interaction picture by introducing a time-
evolution operator connecting the non-interacting state |ΦA

0 〉 to the correlated state |ΨA
0 〉

and by subsequently expanding this operator in powers of H1. One eventually obtains
the expression

gαβ(tα − tβ) = −i
∞∑

n=0
(−i)n 1

n!

∫
dt1 . . .

∫
dtn

×〈ΦA
0 |T [H1(t1) . . . H1(tn)aI

α(tα)aI
β

†(tβ)]|ΦA
0 〉c , (1.15)

whose n = 0 contribution coincides with the definition of g0, Eq. (1.8). The time-ordered
expectation value is then evaluated using Wick’s theorem, with the subscript ”c” spec-
ifying that only connected terms contribute to g. After Fourier-transforming to energy
domain, by inspecting the full expansion, one finds that all interaction terms can be recast
into the irreducible self-energy introduced in Eq. (1.13) and that the full series can be
written in the form

gαβ(ω) = g0 αβ(ω)
+

∑

γδ

g0 αγ(ω) Σ%
γδ(ω) g0 δβ(ω)

+
∑

γδεξ

g0 αγ(ω) Σ%
γδ(ω) g0 δε(ω) Σ%

εξ(ω) g0 ξβ(ω)

+ . . . . (1.16)

Finally, one realises that the sum of all terms after the first self-energy insertion in fact co-
incides with the full propagator itself, which leads to the standard Dyson equation (1.14).

In general, just like for the many-body Schrödinger equation, the full Dyson equation
can not be solved exactly. Approximations are typically introduced at the level of the
self-energy, either algebraically or making use of diagrammatic techniques9. The main
approximation strategies are briefly discussed in Sec. 1.6.

1.4 Ground-state observables
In general, X-body GFs give access to all X-body observables in the ground state of
the A-body system. To see that, it is convenient to first introduce many-body density

9The use of Wick’s theorem naturally leads to the introduction of Feynman diagrams in the case of
the perturbative expansion of the self-energy [70] (see also Ref. [90] for a pedagogical introduction
to diagrammatic techniques). Equivalently, a a diagrammatic representation can be introduced for
the equation-of-motion approach (see Ref. [89] for a diagrammatic treatment with the inclusion of
three-body forces).

11

Self-energy expansion  ➝  Many-body approximation
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Tracing the latter matrices over the one-body Hilbert space H1 provides spectroscopic factors
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which are nothing but the norms of the spectroscopic amplitudes. A spectroscopic factor sums the probabilities that
an eigenstate of the A+1 (A-1) system can be described as a nucleon added to (removed from) a single-particle state
on top of the ground state of the A-nucleon system.

One can then gather the complete spectroscopic information associated with one-nucleon addition and removal
processes into the so-called spectral function S(!). The spectral function denotes an energy-dependent matrix defined
on H1 through
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X
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where the first (second) sum is restricted to eigenstates of H in the Hilbert space HA+1 (HA�1) associated with the
A+1 (A-1) system. Note that S(!) is directly related to the imaginary part of Dyson’s one-body Green’s function
G(!) [? ]. Taking the trace of S(!) provides the spectral strength distribution (SDD)

S(z) ⌘ TrH1 [S(z)] (72)
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Dyson equation

Basic ingredients of Self-Consistent Green’s function x
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A single calculation on a system with A particles delivers the ground-state energies of A ± 1 systems

Ground-state energy of odd-even systems

odd-even A ± 1 systems

9



Ground-state energy of odd-even systems

odd-even A ± 1 systems

A few missing points have been filled, but the majority of them are still missing…

?
?

?

x
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open-shell systems
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Self-consistent Green’s function method

Ab initio in nuclear physics

Strongly-correlated systems
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Consider the breaking of rotational symmetry SU(2), which translates in the loss of good angular momentum        for 

spherical solution

Hartree-Fock method  (delivering the reference state              )
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We can plot the ground-state energy as a function of the quadrupole deformation parameter
<latexit sha1_base64="owHrSHLfYk/0F7AIbrEFkS5xKRM="></latexit>

�2

<latexit sha1_base64="rVxaXhX5eEx09PmzaZ4hMMrSzBk=">AAACWHicbVG5TgMxEJ0s932VNBYRElW0i1Cg5GgQFUgEkJIIzToDWLG9K3uWQ6t8AS18HHwNTkjBAq96fvNGM/Oc5lp5juOPWjQxOTU9Mzs3v7C4tLyyurZ+5bPCSWrJTGfuJkVPWllqsWJNN7kjNKmm67R/MqxfP5LzKrOX/JJT1+C9VXdKIgfp4ux2tR434hHEX5KMSR3GOL9dqx11epksDFmWGr1vJ3HO3RIdK6lpMN8pPOUo+3hP7UAtGvLdcrTpQGwXHjkTOTmhtBiJ9LOjROP9i0mD0yA/+N+1ofhfrV3w3UG3VDYvmKwcDmKlaTTIS6dCBCR6yhEzDjcnoayQ6JCZnBIoZRCLkEllYOqwT1w5qfSqsIqfq2Jqqm8ZfsQHyZGlJ5kZg7ZXdh5JDspO8IbQk98R/yVXu42k2Whe7NUPj8fxz8ImbMEOJLAPh3AK59ACCQSv8Abvtc8Ioplo7tsa1cY9G1BBtP4FC2K3GQ==</latexit>

J
<latexit sha1_base64="JwyJI9sMhiO/s9+gIX6PSaXKQIo="></latexit>

| k
0i

Strongly correlated systems: deformation
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On top of such ‘optimized’ solution, we can perform our beyond-mean field expansion

xStrongly correlated systems: deformation
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Ab initio description of all nuclei   … but there is no free lunch:
Deformed calculations   →   reduced number of symmetries   →   increased computational cost

Ground-state energy of open-shell systems

All points of the isotopic chain are now filled!

x

Drip-line predictions 
from S1n and S2n
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Extension to further symmetry breaking

So far only axial symmetry was considered ...

• Axial deformation  →   break total angular momentum J

Breaking more symmetries allows to effectively enrich more the mean-field with correlations

• Ocupolar deformation   →   break  and parity J Π

• Triaxial deformation   →   break  and its projection  along the quantization axisJ M

…

Different types of deformation can be obtained by breaking different symmetries:

12



Extension to further symmetry breaking

local oblate minimum global prolate minimum

global octupolar 
minimum

[A. Scalesi et al., in preparation] 12
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• Peak when crossing closed-shell configurations

• Sensitive to Argon deformations

•  peak captured only with dDSCGF(2)N = 20

Comparing spherical and deformed methods

[Fu et al., in preparation]

x

[Somà et al., 2011]

• Computed for Calcium isotopes



Emulation of many-body calculations

Goal: reduce computational cost of MB calculations

• Reduced-basis model built with machine learning

• Emulation of HF ground-state energies

• Parametric Matrix Models (PMM) [Cook et al., (2025)]
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Emulation of many-body calculations x

• Reduced-basis model built with machine learning

2.08 days for 100 training data
57 years for 1 Million calculations!

15.48 seconds for 1 Million emulations

[Kondo et al., (2023)]

• Emulation of HF ground-state energies

3x3 matrices!

vs

• Parametric Matrix Models (PMM) [Cook et al., (2025)]
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Conclusions

Ab initio methods are a useful tool for a ‘first principle’ description of atomic nuclei

… but constitute an approximate solution of the Schrödinger equation

Spherical-symmetry - based approach limit the study to closed-shell nuclei

Green’s function approaches allow to extend the reach of many-body methods to odd nuclei

Symmetry-breaking many-body methods allow for the description of open-shell nuclei

x

Many-body methods allow to access high-masses…

Emulators can drastically reduced computational cost and can be used for interaction-sensitivity studies
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